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Sloshing is a kind of fluid motion inside partially filled containers. In spacecraft and other partially filled moving containers, 
sloshing plays an important role. The contact line between the fluid and solid boundary affects the fluid movement and sloshing 
during motion. A physical model for steady fluid flow with a partial slip boundary is presented and equations for this model are 
derived for cylindrical (tube-shaped) tanks. This gives a nonlinear system of differential equations that is solved numerically by 
using a Successive Over-Relaxation (SOR) technique and graphical results are shown. Variations in steady fluid flow are ob-
served with changes in the slip length and some useful results are derived. The effects on the microscopic radius of the fluid layer 
in a capillary tube are also shown through graphical results. 
sloshing of fluids, partial slip boundary, disjoining pressure, contact line, finite difference method,  
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Free surface sloshing in moving containers has many engi-
neering applications, such as tanks in trucks on roads, fluid 
oscillation in storage tanks caused by earth-quakes [1,2], 
sloshing of liquid-cargo vessels in ships and the movement 
of liquid in spacecrafts. Sloshing of fluids in moving con-
tainers is comparatively more complex. The frequency of 
disturbance and shape of the container play an important 
role. A number of complex motions, including non-planar, 
rotational, irregular beating, quasi periodic and chaotic mo-
tion, can be observed at the free surface during sloshing. An 
in-depth knowledge about the factors that reduce sloshing 
can maximize the control of fluid-carrying tankers and 
hence may improve spacecraft technology.  
The stability of vehicles [3] has been the main interest of 
researchers in tackling the difficulties caused by sloshing 
during motion. Rebouillat et al. [4] provided a nice review 
of results and applications of sloshing models in aerospace 
engineering, naval technology and other industries. Zhu et 
al. [5] used the level set method for rectangular tanks to find 
the pressure caused by sloshing. A detailed study of previ-
ous theoretical and experimental research on sloshing has 
been presented by Ibrahim [6]. Yue [7] discussed sloshing 
in rectangular and circular containers and derived numerical 
results for pitching excitation. Yue et al. [8] also derived 
some important results using an arbitrary Lagrange-Euler 
description. Gavrilyuk [9] presented useful results about 
sloshing in vertical circular cylinders for nonlinear resonant 
waves. Cheng et al. [10] and He et al. [11] discussed slosh-
ing in low-gravity situation. Cheng et al. [10] found very 
useful results for sloshing parameters by observing the 
changes in frequency and transverse force with sloshing 
parameter variation. In the ideal case, the solid boundaries 
of a container experience no slipping, although most of the 
time some slippage on the boundaries will occur. Sloshing 
of fluids with such boundaries makes the system more com-
plex. In more recent times, slippage has been discussed in 
the case of non-Newtonian fluids with solid/gas interfaces 
and for some special surfaces [12–15]. Evidence for slip-
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page in Newtonian fluids has been studied for several years, 
but its use in experiments was first discussed in 2000 [16]. 
In these studies, many useful results have been discovered 
[17–20]. It has been noticed that slippage depends upon the 
shear stress [21]. Zhou et al. [22] proposed the velocity-slip 
criteria to study slip impact on the boundary walls. Santra et 
al. [23] discussed axisymmetric stagnation point flow over a 
slip boundary layer, where this layer is produced using a 
non-Newtonian liquid film with variable thickness. Finding 
the accurate slip-length is not an easy task. Li et al. [24] 
proposed a method for finding the slip-length by using a 
rheometer. The contribution of the present work is the com-
bination of sloshing with partial slip boundary conditions. 
We study the steadiness of fluid thickness in the presence of 
slippage. For this purpose, we introduced a slip parameter 
with variable length. David et al. [25] derived the fluid 
thickness of steady fluid flow for sloshing motion by ignor-
ing slippage at the boundary. We present a model with par-
tial slip boundary conditions and derive our results numeri-
cally for steady fluid flow. We observe that, by ignoring the 
slip parameter, the numerical results derived in our work 
match the results founded by David et al. [25]. In the second 
section, mathematical formulations are presented for the 
model considered with partial slip boundary conditions, 
providing a nonlinear system of differential equations. An-
alytical solutions for such systems of highly nonlinear dif-
ferential equations is difficult to achieve, so the finite dif-
ference method (FDM) with the SOR method is used to find 
the numerical results in third section. Graphical results and 
a table help us to show the effect of the slip boundary con-
dition on steady fluid flow and give useful information 
about slippage. The last section contains our conclusions, 
and some interesting ideas for future work are proposed. 
1  Mathematical formulations 
Consider a fluid meniscus meeting the boundary of a con-
tainer at a given contact angle θ. The model of flow is de-
picted in Figure 1 and is expressed by the following equa-
tions. 
 
Figure 1  Model of fluid under consideration. 
Within fluid the hydrostatic pressure is given as 
 ( ) ,p y gyρ σκ= − = −  (1.1) 
where g is gravitational acceleration, ρ is the density of the 
fluid, σ is surface tension, p is pressure and κ is curvature. 
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gLρ θσ = −  (1.5) 
where θe is the equilibrium or static contact angle. The ra-
dius R is then given by 





ρ θ= = −
c  (1.6) 
where the capillary length is 
 .cl g
σ
ρ=  (1.7) 
Using the Lennard-Jones potential for molecules inter-
acting in an ideal gas, we introduce disjoining pressure Π to 
simulate the macroscopic contact angle between the fluid 
and substrate. Thus the total pressure is given by 
 .xxp hσκ σ= − − ∏ ≅ − − ∏  (1.8) 
The disjoining pressure is given by 
 * * ,





where h* is the wetting layer thickness and h is the height of 
the steady fluid thickness. 
The exponential parameters n>m>1 are arbitrary, and in 
our case we use (n,m)=(4,3). Moreover, the disjoining coef-
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Introducing the lubrication approximation [26], we have 
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 ( ) 1h x′ <<  (1.11) 
and ( )p x Rσκ σ= − − − Π .xxh Rσ σ≅ − − − Π  (1.12) 
As we have already discussed, this is an ideal situation in 
which there is no slippage between the boundary or sub-
strate of the fluid container and the fluid itself. Most sub-
strates, however, do experience some slippage that until 
now we have neglected. We next introduce the slip bound-
ary condition for a fuel container experiencing sloshing mo-
tion. This will provide us with real and useful results for the 
stability of containers on spacecraft and moving vehicles. 
An explanation of the model with a partial slip boundary 
condition is given below. 
In Figure 2, for the no-slip boundary conditions in (a) the 
relative velocity, V
G
, between the plate and the fluid is zero 
at the plate. When slip occurs (b) at the plate, 0sV V= >
G G
. 
Here, slip is characterized by the slip length λ. It should be 
noted that the slip length is related to the wall velocity sV
G
 












 is the local 
shear rate. If the plate is moving with some velocity 1U
G
 
then the difference between the velocity of the fluid flow 
and the velocity of the plate gives the relative velocity at the 
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u μ=  (1.13) 





λ ∂= ∂  (partial-slip), (1.14) 
 ( , ) 0yu x h = (no-stress). (1.15) 
 
Figure 2  Model for the shear dependence of partial slip boundary. (a) 
Flow of fluid with no-slip boundary; (b) flow of fluid with partial-slip 
boundary. 
Integrating twice with respect to y and applying the 
boundary conditions we get 
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Continuity requires that 
 ( ),Q U h h∞= −  (1.18) 
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We now introduce the non-dimensional variables h= 
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Finally, removing the bar and simplifying gives 
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2  Numerical results 
Eq. (1.23) gives us a highly nonlinear differential system, so 
we use the FDM to calculate the derivatives below: 
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For the nonlinear terms h3hxxx and h
2hxxx, we evaluate h
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Hence eq. (1.23) written in finite difference form becomes 
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From the boundary conditions, matching the curvature of 





R θ= , with h(0)=h0. The fixed slope at the right 
hand boundary is h′(x)=0. Applying the boundary conditions 
to the system of equations and using FDM with MATLAB, 
we get graphical data that expresses the variation in the 
thickness of steady fluid flow with changes in the partial 
slip boundary along the substrate. 
From Figure 3, we observe that the steady fluid thickness 
decreases along the horizontal axis and loses the property of 
being steady. Table 1 is constructed with an error tolerance 
of 10−5 and for n=2000, where θ =0°, h*=10−6 and R=15. We 
observe from the table that the values of h are getting closer 
together as the values of slip length λ increase, which 
means that at a certain stage there will be negligible or con-
stant difference between two consecutive values of the 
steady fluid thickness. 
Figure 4 presents a graph of fluid thickness for different 
values of the radius of curvature. The horizontal axis is the 
image of logarithmic scale to reduce the number of points in 
the restricted domain. These curves can actually be consid-
ered as the input for the radius of curvature, and we can 
therefore find the variation in radius from the change in 
fluid thickness. 
3  Discussion and conclusions 
The choice of slip parameter for simple liquids has been  
 
Figrue 3  Upper curve is for λ=0.09, the middle curve is for λ=0.05 and 
the bottom curve is for λ=0, where θ=0°. 











Figure 4  The upper curve is for R = 0.30, the middle curve is for R=0.35 
and the bottom curve is for R = 0.5, where θ = π/3 and λ = 0.05. 
found from experiments to determine the results for fluid 
height [1]. Moreover, the curves in Figure 3 are consistent 
with the pattern of curves and values as founded by David 
et al. [25] for no-slip boundary conditions (that is, setting 
λ=0). This comparison of curves and values verifies our 
computational work and on the basis of this we have pro-
ceeded to get useful results. From Table 1 and Figure 3, we 
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conclude that in the absence of external stress, partial slip-
page helps the flow to remain either steady or unsteady. 
This means that if fluid inside a fixed container on a vehicle 
or in a spacecraft is disturbed, then it will continue moving 
with the same disturbance for a long period if the bounda-
ries exhibit partial slip conditions. More slippage will result 
in a longer time needed for the fluid to be stable, and thus a 
partial slip boundary can lead to more complex sloshing 
motion than a rough solid surface. Care is needed when 
tackling such problems. 
In Table 1, we see that with an increase in slip length λ, 
the values of the steady fluid height h(x) also increase. This 
verifies our results physically, because slippage encourages 
the fluid to retain its state of flow. Moreover, as we move 
down Table 1, we observe that the difference between the 
values of h(x) are getting closer and that at a certain level 
the steady fluid thickness will either become constant or the 
difference will become constant. This result is very useful 
and interesting for the stability of moving fluid containers 
and has been discussed for the first time in this article. 
We have derived these results for a fixed, stress-free 
boundary. This work can be extended to the case of a bound-
ary that is experiencing motion with some constant or vari-
able acceleration or is under some external stress. Unsteady 
flows for such boundaries have not yet been discussed. Re-
sults for unsteady flows may help us to calculate velocity 
profiles, frequency, energy dissipation during sloshing, and 
other parameters that would be useful for adaptive control 
of spacecraft and partially filled fluid containers. 
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